Finite Element Analysis of Flat Slab with Calcpad

Using Bogner-Fox-Schmit (BFS) plate element [1]

Input data
Span lengths
@ =hp([3.6;4.2;4.2;3.6]) = [3.6 42 42 3.6]m,  b=nhp([3;3.6;3]) =[3 3.6 3] m
Number of axes - ny, =len(d) +1 =15, Ngp = len(l;) +1=4
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Axis coordinates - X, = [0 3.6 7.8 12 15.6] m, V=110 3 6.6 9.6] m

Slab dimensions - [, = ¥, = 15.6m, [, = J; = 9.6 m
Thickness -t = 0.2 m Load - ¢ = 10 kN/m?

Modulus of elasticity - E = 35000 MPa Poisson's ratio-v = 0.2

Finite element mesh

We will use BFS rectangular finite element with npyps = 16
Element dimensions-a; = 0.6 m, b; = 0.6 m

Number of elements and joints along a and b

1, = ceiling (a%) =[6 7 7 6], ngg =sum(iiy) = 26, njg = ngq +1 =27

n, = ceiling (bi) =[5 6 5], ngp, =sum(iip) =16, njp = nep, +1 =17
1

Total number of elements - n, = 1,4 - Npp = 416

Total number of joints - n; = n;, - nj, = 459

Supported joints count - ng = ng, * ng, = 20
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Joint coordinates
J?j= [0000000O0O0O... 156]m, 37j= [0 06 1.2 1.8 2.4 3 3.6 4.2 48 54 ... 9.6] m

Numbers of joints at elements' corners

1 2 3 4 5 6 7 8 9 10 - 441
18 19 20 21 22 23 24 25 26 27 - 458
19 20 21 22 23 24 25 26 27 28 .- 459
2 3 4 5 6 7 8 9 10 11 - 442

Supported joints -5; = [1 6 12 17 103 108 114 119 222 227 ... 459]

transp(e;) =

Joints for element e - j,(¢) = row(e;; ¢)

©17 34 51 68 85 102 @1 9 _13% 158 _170 _18 _204 _221 @238 255 272 289 306 _323 _340 @39 374 _391 _408 _425 44 @4%
16 32 48 64 80 96 | 112 | 128 | 144 | 160 | 176 | 192 | 208 | 224 | 240 | 25% | 272 | 28 | 304 | 320 | 336 | 352 | 368 | 38 | 400 | 476

16 23 50 67 84 101 2118 1135 1152 1169 118 1203 1220 1237 1254 1271 1288 [305 32 1339 135% 373 1390 |407 |424 |44 458
15 31 47 63 79 95 | 111 | 127 | 143 | 159 | 175 | 191 | 207 | 223 | 239 | 255 | 271 | 287 | 3 | 319 | 335 | 351 | 367 | 38 | 39 | 4715

15 32 49 66 83 100 1117 1134 1151 1168 118 1202 1219 1236 1253 1270 128 304 321 1338 |35 1372 138 |406 |423 | 440 |45
14 30 46 62 78 94 | 110 | 126 | 142 | 158 | 174 | 190 | 206 | 22 | 238 | 254 | 270 | 28 | 302 | 318 | 334 | 350 | 366 | 3& | 38 | 414

14 31 48 65 82 99 116_J133 1150 1167 1184 1201 1218 1235 125 1269 128 [303 1320 1337 1354 1371 138 [405 |42 1439 4%
13 29 45 61 77 93 | 109 | 125 | 141 | 157 | 173 | 189 | 205 | 221 | 237 | 253 | 269 | 28 | 301 | 317 | 333 | 349 | 365 | 381 | 397 | 413

13 30 47 64 81 98 115 113 1149 1166 J18 1200 1217 1234 1251 1268 128 130 1319 33 [353 |370 1387 404 [ 421 | 438 | 455
12 28 44 60 76 92 | 108 | 124 | 140 | 15 | 172 | 188 | 204 | 220 | 236 | 252 | 268 | 284 | 300 | 316 | 332 | 348 | 364 | 380 | 3% | 412

@12 29 46 63 80 97 3114 131 1148 1165 18 119 1216 0233 250 1267 1284 1301 1318 |335 @352 369 138 |40 1420 | 437 @454
11 27 43 59 75 91 | 107 | 123 | 139 | 15 | 171 | 187 | 203 | 219 | 235 | 251 | 267 | 28 | 29 | 315 | 331 | 347 | 363 | 3/ | 3% | 41

11 28 45 62 79 96 113 1130 1147 1164 1181 1198 1215 1232 1249 1266 128 1300 1317 1334 1351 1368 138 [40@ |419 1436 _ 453
10 26 42 58 74 90 | 106 | 122 | 138 | 154 | 170 | 18 | 202 | 218 | 234 | 250 | 266 | 28 | 298 | 314 | 330 | 346 | 3& | 378 | 3% | 410

10 27 44 61 78 95 112 2120 ‘146 1163 1180 1197 1214 1231 1248 1265 12& 129 1316 1333 135 1367 1384 1401 1418 | 435 | 4%
9 25 41 57 73 89 | 105 | 121 | 137 | 153 | 169 | 18 | 201 | 217 | 233 | 249 | 265 | 281 | 297 | 313 | 320 | 345 | 361 | 377 | 3B | 40

9 26 43 60 77 94 111 2128 1145 116 1179 119 1213 1230 1247 1264 1281 1298 1315 1332 1349 1366 1383 400 [ 417 | 434 | 451
8 24 40 56 72 88 | 104 | 120 | 136 | 152 | 168 | 184 | 200 | 216 | 232 | 248 | 264 | 280 | 2% | 312 | 328 | 344 | 360 | 376 | 3R | 408

8 25 42 59 76 93 110 2127 1144 1161 1178 1195 1212 1220 1246 1263 128 1297 1314 1331 1348 1365 138 130 |416 1433 | 450
7 23 39 55 71 87 | 108 | 119 | 135 | 151 | 167 | 18 | 19 | 215 | 231 | 247 | 263 | 279 | 2% | 311 | 327 | 343 | 359 | 375 | 391 | 407

Z 24 41 58 75 92 100 1126 2143 1160 1177 1194 1211 1228 1245 126 1279 129% 1313 1330 1347 1364 1381 138 1415 1432 | 449
6 22 38 54 70 86 | 102 | 118 | 134 | 150 | 166 | 18 | 198 | 214 | 230 | 246 | 2& | 278 | 2% | 310 | 326 | 342 | 358 | 374 | 390 | 406

@6 23 40 57 74 91 @1(3 125 1142 1159 1176 1193 1210 @22]__29& 261 1278 129 1312 1320 @346 363 1380 1397 1414 | 431 @448
5 21 37 53 69 85 | 101 | 117 | 133 | 149 | 165 | 181 | 197 | 213 | 229 | 245 | 261 | 277 | 293 | 309 | 325 | 341 | 357 | 373 | 38 | 405

5 22 39 56 73 90 107 2124 141 1158 1175 1192 1200 1226 1243 1260 1277 12% 1311 1328 1345 1362 1379 13% 413 1430 | 447
4 20 36 52 68 84 | 100 | 116 | 132 | 148 | 164 | 180 | 1% | 212 | 228 | 244 | 260 | 276 | 2R | 308 | 324 | 340 | 3% | 372 | 38 | 404

4 21 38 55 72 89 106 2123 1140 1157 1174 1191 1208 1225 1242 12359 1276 1293 1310 1327 1344 1361 1378 1395 1412 1420 | 446
3 19 B5) 51 67 83 99 | 115 | 131 | 147 | 163 | 179 | 195 | 211 | 227 | 243 | 259 | 275 | 291 | 307 | 323 | 339 | 35 | 371 | 38 | 40

A 20 37 54 71 88 106 21122 1139 115% 1173 1190 1207 1224 1241 1258 1275 12% 1309 1326 1343 1360 1377 1394 1411 L1428 | 445
2 18 34 50 66 82 98 | 114 | 130 | 146 | 1& | 178 | 1% | 210 | 226 | 242 | 258 | 274 | 290 | 306 | 322 | 338 | 354 | 370 | 3&% | 4®

2 19 36 53 70 87 104 1121 138 1155 1721189 1206 1223 1240 1257 1274 1291 308 1325 1342 135 1376 13963 1410 1427 . 44
1 17 33 49 65 81 97 | 113 | 120 | 145 | 161 | 177 | 198 | 209 | 225 | 241 | 257 | 273 | 28 | 305 | 321 | 337 | 353 | 369 | 3& | 401

@'] 18 15 52 69 86 @1([5 120 3137 J154 171 1188 1205 @222 239 125% 1273 1290 1307 J324 @34’] 358 1375 3R 400 142% @443

Finite element formulation

Shape functions
Along dimension a

Base functions First derivatives Second derivatives

6
Pra()=1-§2-(3-2-9) @'14(8) =-6-ail- -9 @O =-5(1-2:9)

Ppa()=¢-a1-(1-5-2=9)  0,,()=1-¢-(4—-3-9) fl’"za(f)=-a£1°(2—3's‘)

P3a($) =¢*-(3-2-9) Psal§) = 6~ (1) ¢”3a(f)=%-(1—2-5)

£,
Paal8) =850 (140) V= @30 0@ = (1-3-0)
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Along dimension b

Base functions

DM =1-1*-B—2-1)
Dop() =1 -by - (L=1-(@2 =)
3 (M) =1*-(B—2-1)

Pap() =n? - by - (-1 417)

For vertical displacements

Nyw(&51m) = P14(§) - P1p(0)
Naw(§51) = P34(8) - P15 (1)
N3w(§51) = P34(8) - P2, (1)
Naw(§51) = P14(E) - P2, (1)
For twist ()

Ny (51) = D2q(8) - Pop(n)
Noy (§51) = Paq(§) - Pop (1)
N3y (§51) = P4q(§) - Pap(n)
Nay(§51) = P2a(§) - Pap(n)

Ni,w shape function plot

First derivatives

, n
@'1p(m) = -6 b—~(1—n)
1

D) =1-n-(4-3-1n)
) n
¢3b(ﬂ)=6'b—'(1—ﬁ)
1

D) =-n-(2-3-1)

For rotations 9,

Ny, (551 = @30 (8) - P1p(0)
N26,(§51) = @4a(§) - D15 (1)
N36,(§51) = @4a($) - P3p (1)

N4,ex(fi n) = @24(8) - P53 (1)

041
(1,0)
exz 2
W

Az y 0
0x33 6y3 Ox
(0,1) (1,1)
Wy

Oy4

4

Wy
Oy2

01 (0,0) ,
1
wy

Second derivatives

") = (1-2-7)
b’
2
Do) = B 2-3-7n)
1
n 6
D3y =—-1A—=2-7)
by
2
D" 4p(m) = B 1-3-7n)
1

For rotations &,

N1p,(§51) = P14(8) - P2p (1)
Nag,(551) = P3q(8) - Pop(1)
N3 g (551) = P3q(§) - Pup (1)

N4,6Y(f; 1m) = D1a(§) + Pap ()

3

X

N1,6x shape function plot

\V\
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iy Nyw (515 Nyg,(§51); Nyg, (§51); Ny (§57);
Now (§51)5 No,g, (§51)5 Noyg, (8515 Noy (§51);
N3, (§51)5 N3,9,(§51)5 N3,g,(§51); N3y (§51);
Naw($51); Nag (§51); Nayg, (§51); Najy (5517)

Constitutive matrix (stress - strain relationship)

Shape functions vector N(i; &; 1) = take (

o [2431 486 0
+hp([1v;01v:1;,010,0,=2|) =| 486 2431 0 |kNm
0 0 972

_ Et3
T 12-(1-v2)

D

Strain-displacement matrix

B1(j; &m) = take(j; @"14(€) - @1 (1); @26 (8) -+ P1p(1); @"14(E) - Dop(1); D24 (E) - Do (1); @34 ()
D1 (1); P74 (8) - P1p(1); P734(E) - Pop(1); P40 (§) - Do (1); @"34(E)
c D3 (1); P74 () - P3p(1); P736(E) + Papy (1); @740 () + Pap(1); P"14(8)
Dy (1); D" 50(8) - Pap(1); D"16(8) - Dap(1); D" 24(E) - Py (1))

B,(j;¢5m) = take(j; D14(8) - Cb”1b (1); P2q($) - Cb”1b (1); P14($) - CD"2b (1); P2q(&) - d)"2b(77)? D34($)
@15 (1); Paa(§) - @15 (1); P3q(E) - P72 (1); Pag(§) - @725 (10); P34 (E)
@35 (1); Paa(§) - @735 (1); P3a () * P ap (1); Paa(§) - @4 (1); P1a($)
@35 (1); P (8) - @3 (1); P16 (8) - D" 4 (7); P20 (€) - D" 4 (1))
B3(j; &m) =2
-take(j; D'14(8) - @'1p(1); D'20(E) - D1 (1); P16 (E) - P 2p (1); @ 20(E)
@' (1) @'30(8) - @ 15 (1); P4a(§) - D1 (1); D30 (E) - D2 (1); @40 (§)
@y (11); P'30(8) - '3 (11); P4 (§) - D3 (1); '36(E) - @'ap (1); P40 (§)
@y (1) @'14(8) - '35 (1); D' 20(E) - D3 (1); P16 (8) - @4y (7); D26 (8) - @4y (1))

B(;¢;m) = hp([B1(;€5m); B2Gs §5m); B & mDD)

The coefficients of the stiffness matrix will be calculated by using the equation
11
Koy = an o [ [ B0 BiGemy d an
00

Element stiffness matrix — numerical evaluation

BTDB,(i; j; §;1) = transp(B(i;¢;m) - D - B(; §;1)
11

Ke(i;)) = ay - by 'JJBTDBe(i;j; $m)dn dg
00

$Repeat {$Repeat {Ke.i,j =K, (i;));) = i...n};i = 1n}
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[796.3 135.19 135.19 16.74 -391.2 8495 -13.66 41 -13.89 36,57 - 4.1 7
0 46.67 21.6 4.67 -8495 14.03 -4.09 0.708 -36.57 10.28 .- -0.583
0 0 46.67 4.67 -13.66 4.09 194 -0.583 -36.57 854 - 0.708
0 0 0 0978 -4.1 0.708 0.583 -0.161 -8.54 1.62 -+ -0.161
0 0 0 0 796.3 -135.19 135.19 -16.74 -391.2 13.66 -+ 854
K. = 0 0 0 0 0 46.67 -21.6 4.67 13.66 194 .- -l1.62
€ 0 0 0 0 0 0 46.67 -4.67 -84.95 4.1 -+ 1.62
0 0 0 0 0 0 0 0.978 4.1 0.583 .- -0.231
0 0 0 0 0 0 0 0 796.3 -135.19 - 4.1
0 0 0 0 0 0 0 0 0 46.67 --- -0.708
0 0 0 0 0 0 0 0 0 0 -+ 0.978-

Element load vector
11

Foi= by [ [ NG - q ds d
00

ﬁe = [0.9 0.09 0.09 0.009 0.9 -0.09 0.09 -0.009 0.9 -0.09 ... -0.009] kN

Solution

Global stiffness matrix

[ 10%°  135.19 135.19 1674 -391.2 -13.66 84.95 4.1 0 0 0
135.19 46.67 21.6 4.67 -13.66 1.94 41  -0.583 0 0 0
135.19 21.6 46.67  4.67 -84.95 -4.1 14.03 0.708 0 0 0
16.74 4.67 4.67 0978 -4.1 0.583 0.708 -0.161 0 0 0
-391.2 -13.66 -8495 -41 1592.59 270.37 0 0 -391.2  -13.66 0
K = -13.66  1.94 -4.1 0.583 270.37 93.33 0 0 -13.66 1.94 0
84.95 4.1 14.03 0.708 0 0 9333 9.33 -84.95 -4.1 0
4.1 -0.583 0.708 -0.161 0 0 9.33 1.96 -4.1 0.583 0
0 0 0 0 -391.2 -13.66 -8495 -41 1592.59 270.37 0
0 0 0 0 -13.66 1.94 -4.1 0.583 270.37 93.33 0

0 0 0 0 0 0 0 0 0 0 - 0.978

Global load vector

F= [0.9 0.09 0.09 0.009 1.8 0.18 0 0 1.8 0.18 ... 0.009] kN
Solution of the system of equations

7 = slsolve(K; F) = [0 0.552 0.383 -0.416 0.203 0.373 0.265 -0.194 0.299 0.309 ... -0.416] mm
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Resu

Its

Joint displacements — transp(I/,) =

[0; 0]

0
0.203
0.299
0.261
0.121

0
0.139
0.299
0.363
0.299

0

0.303
0.419
0.482
0.461
0.386
0.34
0.398
0.487
0.526
0.487

0.303

Bending moments

0.488
0.562
0.605
0.593
0.55
0.527
0.556
0.608
0.632
0.608

0.488

0.512
0.581
0.62
0.608
0.565
0.542
0.566
0.612
0.635
0.612

0.512

0.383 0.165
0.485 0.337
0.537 0.417
0.513 0.375
0.443 0.253
0.404 0.173
0.44 0.247
0.511 0.369
0.544 0.42
0.511 0.369

0.383 0.165

7;(j) = slice(Z; ky - G — 1) + 1 key - )

Ze(e) =hp ([ZJ' (ej_e,l);

Zj (ej.e,z)

2 (ei,5):%

Average bending moments at joints, kNm/m

.

1.5
1.57

0.31
7.81

0.22
9.34

8.09 3.77 0.486

0.156 0.157 0.998 0.156 0.152

7.67
-2.48

3.33 -28.36
-4.46 0.155

0.139
0.31
0.387
0.342
0.217
0.135
0.206
0.325
0.376
0.325

0.139

(..)])

3.15
4.78

7.32
2.84

0.34
0.438
0.485
0.455
0.381
0.336
0.367
0.433
0.464
0.433

0.34

0.469
0.531
0.562
0.542
0.493
0.463
0.478
0.516
0.536
0.516

0.469

0.194

8.9

1.19x108

0.203
0.299
0.261
0.121

0.139
0.299
0.363
0.299

0.152
7.32
-2.84

mm

[15.6; 9.6]
0

-0.0536

-0.107

-0.161

-0.214

|-0.268

-0.322
-0.375
-0.429
-0.482

-0.536

1.5
1.57
8.09
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Bending moments for the plate

Bending moments - My - transp(Mx) =

r 1.5

0.31
0.22
0.156
0.157
0.998
0.156
0.152
0.194
0.152

L 1.5

[0; 0]

Bending moments My —transp(My) =

r 1.57
7.81
9.34
7.67
3.33

-28.36
3.15
7.32

8.9
7.32

L 1.57

8.5
6.48
5.78
5.99
7.27
9.04
7.22
5.87
5.51
5.87

8.5

0.321 0.233 0.215

11.07 1048 6.8 0.884

943 8.88 4092
872 814 4.04
9.13 849 4.06
10.37 9.56 4.97
11.08 10.12 5.76
10.28 9.44 4.85
893 823 3.77
838 7.69 347

8.93

8.23 3.77

-2.7
-2.26
-3.26
-5.27
-2.14
-5.36
-3.42
-2.49
-3.42

11.07 1048 6.8 0.884

538 431
7.13 5.8

542  4.26
-0.328 0.54
-7.04 -1.94
-0.507 0.349
509 3091
6.74 535
509 3091
0.32  0.233

-31.24
-10.24
-6.06
-7.99
-16.12
-38.65
-16.18
-8.03
-5.74
-8.03

%)

=
! ! : )

o~

0.302
-3.26
-2.82
-3.83
-5.87
-2.75
-5.96
-4.01
-3.07
-4.01

0.302

5.64
3.81
2.93
291
3.77
4.52
3.62
2.59
2.31
2.59

5.64

0.168 0.18 1.02  0.179
413 474 634 8.23 6.28
555 641 812 9.05 8.01
392 423 542 6.34 5.3
0.406 -1.17 -341 -0.33 -3.53
-1.65 -499 -13.64 -36.32 -13.77
0.18 -146 -3.76 -0.723 -3.92
349 3.68 4.69 5.5 4.48
496 561 6091 7.57 6.69
349 3.68 4.69 55 4.48
0.215 0.168 0.18 1.02  0.179

8.78
7.25
6.52
6.8
7.71
8.19
7.56
6.47
5.98
6.47

8.78

0.167
4.61
6.19
3.98
-1.4

-5.22

-1.77
3.25
5.14
3.25

0.167

1.5 7

0.31
0.22
0.156
0.157
0.998
0.156
0.152
0.194
0.152

1.5 -

0.21
3.89
5.14
3.48
0.0996
-1.86
-0.252
2.79
4.18
2.79

0.21

kNm/m

[15.6; 9.6]
11.15

7
2.85
-1.3

-5.45

-26.2
-30.35

-345

x M 3365

1.57 7
7.81
9.34
7.67
3.33
-28.36
3.15
7.32
8.9
7.32

kNm/m

1.57

Page 7 of 13



[0; 0]

Bending moments My, — transp(Mxy) =

[ 8.09
3.77
0.486
-2.48
-4.46
0.155
4.78
2.84
0
-2.84

--8.09

4.11
2.57
0.367
-1.8
-3.24
0.161
3.57
2.13
0
-2.13

-4.11

1.42
0.983
0.21
-0.601
-0.898
0.149
1.19
0.868
0
-0.868

-1.42

-0.946
-0.516
0.0857
0.617
0.683
0.125
-0.451
-0.438
0
0.438

0.946

-3.23
-2.06
-0.12
1.75
2.37
0.0964
-2.21
-1.68
0
1.68

3.23

-4.78
-3.23
-0.314
2.09
4.52

0.078
-4.4
-2.08
2.08

4,78

0.0218
0.0582
0.0735
0.0763
0.0758
0.0739
0.0635
0.0378

-0.0378

-0.0218

4.84 3.34
3.35 2.21
0461 0.267
-1.95 -1.63
-4.38 -2.26
0.0699 0.0513
4.54 2.38
2.17 1.8
0 0
-2.17 -1.8
-4.84 -3.34

1.14
0.731
0.0568
-0.581
-0.682
0.0211
0.725
0.63
0
-0.63

-1.14

-8.09 1
-3.77
-0.486
2.48
4.46
-0.155
-4.78
-2.84
-0
2.84

8.09

[15.6; 9.6]
934

-2.08
-5.88
-9.69
-13.49
-17.29
-21.1
-24.9
-28.71
-32.51

-36.32

kNm/m
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[15.6; 9.6]
8.09

6.74

539

4.05

-5.39

-6.74

-8.09

1 2 3 4 5 6 7 8 9 10 1 12 13 14 15

[0; 0]

Element stiffness matrix calculation by analytical expressions (faster)

b
a = —1 = 1
az
K 156 a+ 1 N 72 2076
‘1135 \a2 «a-bh%) 25-4; T
Kes,s = Ke1,1 ’ Keg,g = Ke1,1 ’ Ke13,13 = Kel'l
_2 (39-0.’ 11 ) 30-v+6_556
€12 35 a1 az . b1 25 . bl o
Kege = Keypr Kegrog=Keyyr Keyziq = Key,
Kk 2 11-a? 39 +3O-v+6_556
61,3_35 a, a,bl 25.a1 = J.
Kes, =Keyz: Kegyq = Keyzs Keqzys = Keyg
11 , 1 10-v+1
K31,4- = ﬁ : (a ?) + T = 0.689
Kes,s = 'Ke1,4 ’ Ke9,12 = Ke1,4 ’ Ke13,16 = 'Ke1_4
K _ 2 27 78 -« 72 _ 161
€15 35 a-blz a,? 25 - 4, = -16.
Kegq3 = Key 5
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_13 (6-a 1 )+ 6 _3c
°16 35 \a;, «a®-b/) 25-b;
Keys = Keygr Kegra = Keygr Keqgr3 = Keqg
K _1 27 22 - a? 30-V+6_0562
61'7_35 a'bl a1 25'611 -
Kess = Keyyr Kegis = Keyyr Keqyiz = Keyqy
2 11'a'b1 a1 2'a1'(5'v+1)
Kena =35 (T3 +23)* 75 = 0192
Ke6,8 = K€2,4 ’ K€10,12 = 'K€2,4 ’ Kel4,16 = 'Ke2,4
K - (26 3) : =0.577
€26 = 35 “Tw3) T
Keip14 = Keyg
1 11-a-by 3-a;7\ a;-(5-v+1)
Kess =35° ( 3 3. az) =5y = 0.0291
Ke4,6 = Kez,s ’ K910,16 = 'Kez,s ’ K612,14. = -Kezlg
3 1 2
K62,10 zg' ($+3 'a)+m= 0.423
Keg14 = Key 1o
1 3 . al 13 - bl a,1
Ke2,12 T ( e 3 ) ~ 150" -0.0669
Key10 = Kep1ar Kegre = Keprp 1 Kegra = Keyy
2 2 8
K82,14 zg.(g.a_ﬁ)_ZS-a = 0.08
Keg10 = Key 14
1 11 13-¢a? 5:-v+1
Kepps =35\ 2= =5 | T == — = 0:169
Kes14 = Keyisr Kegi1 = Keyisr Keyrg = Keyys
K _1 (27-0( 22 ) 30-v+6_0562
114 35 \ a;, a®-b, 255,
K€2,13 = Ke1,14 ’ K95,10 = 'K€1,14 ’ K€6,9 = 'K€1,14
L BB (6 @\ 6 .
€1,15 = 35 a-b, a 25-a1_ .
Kes13 = Keyq1s5+ Kes1q = Keygsr Keqg = -Keq s
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1 11 13-a? 5-v+1

Kel,16 :g' ?— 2 + 50 = 0169
Ke4,13 = K€1 16/ K68,9 = K€1,16 ’ K85,12 = 'K€1,16
K 4 (13 + ! ) =1.92

22~ 35 ¢ 250
Kego = Kepyr Keqpro = Kegnr Keqgrqa = Keys

11/, 1y 60-v+1

Ke2,3 35 (a + ) + 0 = 0.889
Keg7 = Keyzs Keygi1 = Keyzr Keyyys = Keys
K _ 1 3-0_’2'191 11'a1 b1(5V+1)

€316 — 35 2 3-a 150
Key15 = Keg 161 Keg1y = Kezyg1 Kegyy = Kegqe

K =i-oc-bz+a—12 L84 00402
€44 " 105 1 a 225 '

K, =K, K, =K K =K,

eg8 e44’ "r€12,12 es4’ "te16,16 €44
K _ 1 2'a'b12 a12 2'A1_ 000663
48 = 35 3 a 225
Keiy16 = Keyg
1 [a,? Aq
Ke4,’12 = -% 7 + - b1 + m = -0.00949
Kes 16 K64 12

1 2‘a12 2 2‘141
Kegio =35 |35~ 01" | ~—55 = 0.00663

K€8,12 = Ke4,15
K, ! (11 2 13>+5'V+1 0.169
‘18 35 T s 50
e27 = Keygr Kegg=Keygs Keyg =Keyg Kegyg
Keio15 = Keygr Keqi14a = Keqgr Kegpi3 = Keyg
K (S )+ 0.571
°19 " '35 \g,2 a-by? 254,
K€5,13 = K€1,9

= 0.0291

=K

€1,8
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K,

K

629

K

6111

K,

K61,12 =

K

€2,11 ~

K

€6,15

K

Ké&9

K

K

€4,14

K

633

K,

€77

Ké&4

Ké78

Ké&7

K,

Ké311

k;7j5

K,

e1,10

e39

e1,13

=K

€216

=K

e11,15

=K

e312

1 (27 -a N 13 ) 6 _ 1
35 \ a;  a*-by) 25-b;
Key 101 Kegpa = Keyqgs Kegrz = Keyg 10
1 (13-a* 27 6 _ ..
35 \ o a-by) 25-a;,
Keyy11 Kegys = Keyqq1 Keyyz =-Keyqy
13 ( + 1) ! 0.351
70\ 50
=Key 151 Kezgg = Keygyr Keyog =Keyqy0 K
= Ke1,12 ’ K€7,14 = Ke1,12 ’ K€8,13 = _K€1,12
2 27 -« 78 72 — 161
35 \ &2 a-h%) 25-A;
e1,13
1 (2'(11 13 a - b1)+2 a1_0024
35 \ o? 3 75
= 'K€2,16 ’ Kee 12 = K€2,16 ’ K€8,1o = _K32,16
: ( +13)+8'a—192
35 \“ T )T s
e331 Keqp11 = Kegzs Keygi5 = Key s
2 11‘(11 2‘b1‘(5'v+1)
b ) + = 0.192
35 (“ 1t 3y 75
K€34 ’ K€11 12 = K€34 ’ K€15,16 = K63,4
2 ( 2 + 9) 8 a = 0.08
35 a a 25
Kes
1 13-a;\ 2-by
— (2 -a® by — ) = -0.024
35 ( * TRy 75
e3gr Keqp16 = Kezgs Kegpis = Kezg
3 ( + 3) + 2 a =0.423
35 \C ") T s T
= Ke3 11
! (3 2 b+13'a1) P _ 0.0669
"70 CMT ) T 150

es16
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K, K K, K K, K,

411 — Rez 127 Ney16 — Mezqz Megis T fezqz
1 (26 N
Ke3,15 =£(?—3 a >—E= 0577
Ke; 11 = Kesss

Element stiffness matrix coefficients (above the main diagonal only)

7963 135.19 135.19 16.74 -391.2 8495 -13.66 4.1 -13.89 36.57

0 46.67 21.6 467 -8495 14.03 41 0708 -36.57 10.28
0 0 46.67 467 -13.66 4.1 194 -0.583 -36.57 8.54
0 0 0 0978 -4.1 0.708 0583 -0.161 -854  1.63
0 0 0 0 796.3 -135.19 135.19 -16.74 -391.2 13.66

K =p ..k =| 0 0 0 0 0 46.67 -21.6 467 13.66 194

e L1 e 0 0 0 0 0 0 46.67 -4.67 -84.95 41
0 0 0 0 0 0 0 0978 4.1 0.583
0 0 0 0 0 0 0 0 796.3 -135.19
0 0 0 0 0 0 0 0 0 46.67
0 0 0 0 0 0 0 0 0 0

Element load vector

> q-A Aq -Aq Aq -Aq

F, = ST 6;a1;b1;?;6;-a1;b1;?;6;-a1;-b1;?;6;a1;-b1;? =

[0.9 0.09 0.09 0.009 0.9 -0.09 0.09 -0.009 0.9 -0.09 ... -0.009] kN

The obtained element stiffness matrix and load vector are identical to the numerical formulation.

4.1 7
-0.583
0.708
-0.161
8.54
-1.63
1.63
-0.231
4.1
-0.708

0.978-

[1] Bogner, F. K., Fox, R. L., and Schmit, L. A. The generation of interelement compatible stiffness and
mass matrices by the use of interpolation formulae, Proceedings of the Conference on Matrix Methods in

Structural Mechanics, 397—-444, 1965
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